Abstract. A calculation of hadronic timelike form factors in the Poincaré-covariant Bethe-Salpeter formalism necessitates knowing the analytic structure of the non-perturbative quark-photon vertex in the context of the Poincaré-covariant Bethe-Salpeter formalism. We include, in the interaction between quark and antiquark, the possibility of non-valence effects by introducing pions as explicit degrees of freedom. These encode the presence of intermediate resonances in the Bethe-Salpeter interaction kernel. We calculate the vertex for real as well as complex photon momentum. We show how the vertex reflects now the correct physical picture, with the rho resonance appearing as a pole in the complex momentum plane. A multiparticle branch cut for values of the photon momentum from −4m 2 π to −∞ develops. This calculation represents an essential step towards the calculation of timelike form factors in the Bethe-Salpeter approach.
Introduction
The quark-photon vertex describes the interaction of quarks with photons in quantum field theory. It is, therefore, a crucial ingredient in the study of the electromagnetic interaction of hadrons. For example, the electroproduction of hadrons off nucleons, which is the main experimental technique for the study of nucleon resonances (see, e.g. [1] ), is described microscopically (in the one-photon approximation) by the exchange of a spacelike virtual photon that couples to the quarks forming the nucleon. The coupling of quarks to timelike photons determines instead the processes of hadronic particle-antiparticle creation or annihilation, as studied experimentally at BES-III [2] and in the future at PANDA [3] . Those couplings are described, respectively, by the spacelike and timelike form factors of hadrons [4] [5] [6] .
It is by now well known that the strong interactions among quarks generates a structure of the quark-photon vertex much richer than its tree-level component γ µ (see, e.g. [7] [8] [9] [10] [11] [12] ). In particular, for timelike photon momentum, the quark-photon vertex must reflect the full excitation spectrum of quantum chromodynamics (QCD) in the vector-meson channel, a fact which is at the heart of the phenomenological success of vector-meson dominance models [13, 14] (see also [15] ). The details of such a rich structure of the vertex are, however, not precisely known since they are generated by non-perturbative QCD effects.
The study of non-perturbative phenomena within continuum QCD can be approached using Dyson-Schwinger (DSE) and Bethe-Salpeter (BSE) equations. DSEs are nonlinear integral equations describing the Green's functions (GFs) of the theory and BSEs are linear integral equations for bound states. Even though a full non-perturbative treatment of the quark-photon vertex would require to solve the corresponding DSE, if one is interested in QCD effects only, these can be studied with equations simpler than DSEs, namely inhomogeneous BSEs. The combination of DSEs and (homeogeneous and inhomogeneous) BSEs has been extensively and successfully used to study hadron phenomenology (see, e.g. [16] [17] [18] and references therein).
The complexity of non-perturbative calculations entails that nearly always some sort of approximation or simplification is necessary. In the context of DSEs and BSEs, it is necessary to truncate the infinite system of coupled DSEs that describe the theory and the infinite number of interaction terms in a BSE, as described below. Truncations of ever increasing sophistication that perform well phenomenologically have been developed over the years (see e.g. [12, 17, [19] [20] [21] and references therein). To the best of our knowledge, however, the rainbow-ladder (RL) truncation of the BSE interaction kernel described below is the most sophisticated truncation used so far in the calculation of hadron form factors. Even though it performs remarkably well on the spacelike momentum region [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , the trend in all cases is that the RL truncation is insufficient to describe the behaviour of form factors at low photon momentum. The reason for that is usually attributed to RL calculations lacking so-called meson-cloud effects on form factors, which stem from the photon coupling to non-valence quarks inside the hadron (sea quarks).
In this work we study an extension of the RL truncation which encodes, to some extent, the above-mentioned non-valence quark effects on the BSE interaction kernel.
The truncation studied herein was put forward in [39, 40] and keeps the resonant contributions of non-valence terms only, describing them in terms of explicit pionic degrees of freedom. In particular, the new kernel includes a virtual decay channel of e.g. a vector meson into two pions. We will show that this kernel generates the correct physical picture of the quark-photon vertex on the timelike momentum side, as mentioned above. Moreover, even though beyond the scope of this paper, it is reasonable to speculate that a calculation of form factors with the kernel used in this work must, to some extent, alleviate the problem of missing meson-cloud effects.
This work is organised as follows. In Sec. 2 we briefly describe the basic elements of the DSE/BSE formalism necessary for the present calculation, including a discussion of the role of symmetries in the choice of the BSE interaction kernel. Non-standard numerical techniques [41] [42] [43] [44] are required when working with the new pion kernels, as briefly described in Sec. 2.5 and in Appendix A. We then show our results for the quark-photon vertex in the complex plane and for purely spacelike photon momentum in Sec. 3. We relegate the most technical aspects to several Appendices. Note that we work in Landau gauge and in Euclidean spacetime (using the conventions in [17] ).
Formalism
In this section we briefly summarise the elements of the DSE/BSE formalism necessary to study the quark-photon vertex. For further details we refer to [17, 45] .
Quark-photon vertex
In the DSE/BSE formalism, the quark-photon vertex Γ µ can be described by an integral equation which is linear in Γ µ , usually called inhomogeneous BSE (see Fig. 1 )
where Q is the photon momentum, p is the relative momentum between quark and antiquark, the internal relative momentum q is integrated over and the internal quark and antiquark momenta are k 1 = q + Q/2 and k 2 = q − Q/2, respectively, so that Q = k 1 − k 2 and q = (k 1 + k 2 )/2. The interaction between quark and antiquark is described by the Bethe-Salpeter interaction kernel K and S is the full, non-perturbative quark propagator. Latin letters represent Dirac indices and Greek letters represent flavour indices (we have omitted colour indices for clarity) and Z 2 is the quark renormalisation constant (see below). The SU (3) flavour structure of the vertex is given by t αβ = diag ( 2 /3, −1 /3, −1 /3).
Equation (1) is obtained after projecting the quarkantiquark four-point Green's function G onto the subspace with the quantum numbers of the photon. Namely, Dyson's equation for G reads
with G 0 the product of a quark and an antiquark propagators and K, the interaction kernel defined above. The quark-photon vertex is defined as the projection
where Γ µ 0 is any tensorial object with the appropriate quantum numbers; to derive (1) we used for Γ µ 0 the treelevel vertex Γ µ 0 = Z 2 γ µ t. Moreover, from the Green's function G one can introduce the amputated scattering matrix T
and Eq. (2) becomes
If the quark-antiquark system forms a resonance for a (possibly complex) rest-frame total momentum P 2 = −M 2 + iM Γ the scattering matrix features then a pole
and expanding (5) around this pole and keeping the most singular terms only one obtains a homogeneous BetheSalpeter equation for Ψ Ψ = KG 0 Ψ .
From (4) we easily get
which clearly shows that, if the scattering matrix has boundstate poles for the quantum numbers of Γ µ 0 , these will also manifest as poles in the quark-photon vertex. Note that the mass M and width Γ in (6) would be the result of solving a BSE and not some input of the calculation.
Note that in deriving (1) from (2) we have implicitly assumed that the quark-photon vertex appears on the right hand side through G only and not through the interaction kernel K. That is, (1) is sufficient to describe the quark-photon vertex only in an approximation where one ignores the electromagnetic corrections to the vertex. Thereby, the interaction kernel in (2) contains only QCD interactions among quarks.
In order to fully specify Eqs. (1) or (7) it is necessary to define the interaction kernel K as well as the quark propagator S(p). The latter is given as a solution of the quark DSE
with S −1
where Z 1f and Z 2 are renormalisation constants, m is the renormalisation-point dependent current quark mass, D µν is the full gluon propagator which reads (in Landau gauge)
with Z(p 2 ) the gluon dressing function and, finally, Γ qgl is the full quark-gluon vertex.
Interaction kernels and symmetries
The remaining element to be defined is the quark-antiquark interaction kernel K. A diagrammatic definition thereof consists of a sum of infinite terms, each describing one of the possible different interaction processes among quark and antiquark. This makes plain that, in practical calculations, the expansion of the interaction kernel must be truncated to a sum of a finite number of terms. These should be judiciously chosen in order that the relevant physical effects are kept in the calculation. The most widely used truncation of the BSE kernel K is the so-called rainbow-ladder (RL) truncation. Here, the kernel consists of a vector-vector gluon exchange (see Fig. 2 ), namely (omitting again colour indices)
with k = p−q the gluon momentum and α(k 2 ) an effective coupling that provides strength to the quark-antiquark interaction. To parametrise this effective interaction we use the following model [46, 47] 
The interaction strength is characterized by an energy scale Λ and a dimensionless parameter η that controls the width of the interaction (the scale Λ t = 1 GeV is introduced for technical reasons and has no impact on the results). These parameters will be fixed to reproduce correctly the pion decay constant from truncated meson BSE.
For the anomalous dimension we use γ m = 12/(11N C − 2N f ) = 12/25, corresponding to N f = 4 flavours and N c = 3 colours. For the QCD scale we take Λ QCD = 0.234 GeV.
In order to successfully apply the Bethe-Salpeter formalism to hadron phenomenology it is important that the relevant global symmetries are correctly implemented. In particular, chiral symmetry of the QCD Lagrangian with massless quarks ensures that pions are massless bound states in the chiral limit, as a consequence of Goldstone's theorem and dynamical chiral symmetry breaking. U (1) vector symmetry of the QCD Lagrangian, on the other hand, ensures charge conservation, which is crucial for a correct calculation of hadron form factors. Whether these symmetries are preserved by BSEs when a truncated kernel is used is not guaranteed. Chiral symmetry will be correctly implemented only if the kernel fulfils the axialvector Ward-Takahashi identity (Ax-WTI)
with Σ the quark self-energy (namely, the second term in the right-hand term of (9)) and v ± = v ± Q/2. Similarly, vector symmetry will be correctly implemented if the kernel obeys the vector Ward-Takahashi identity (V-WTI)
Clearly now, a truncated kernel K entails a certain approximation of the quark-gluon vertex, which appears implicitly via the quark self-energy Σ. In particular, the RL truncation of the BSE kernel respects the symmetries above if the quark-gluon vertex is simplified such that
, with α(k 2 ) the effective interaction (13). 
The t-channel pion-exchange kernel
As previously discussed, we are interested in studying the effect of non-valence quarks in the quark-photon vertex, as a first step towards the implementation of meson-cloud effects in the calculation of hadron form factors. It was argued in [19, 39, 40] that such unquenching effects may be approximated by the inclusion of explicit pionic degrees of freedom in the interaction kernel K, in addition to quarks and gluons.
As a first term of this type consider the second diagram in the kernel depicted in Fig. 2 , that is, the exchange of a pion between the quark and antiquark; we refer to this term in what follows as the t-channel pion exchange. Here the quark-pion vertex is taken to be the pion BetheSalpeter amplitude, which in full generality reads (16) with P the pion momentum and p the relative momentum between quark and antiquark, τ i represents the flavour structure of the pion isovector and E π , F π , G π , H π are four independent dressing functions. At the level of the quark DSE, the quark-pion interaction entails the addition of a pion loop, as depicted in Fig. 2 .
It turns out, however, that the straightforward implementation of those pion-exchange terms does not respect the WTIs above. In Refs. [39, 40] it was shown that the quark-pion interaction can be modified in a way such that the Ax-WTI is preserved. The modified t-channel BSE kernel then reads (with no flavour indices, see below)
which preserves the Ax-WTI in combination with the following truncation of the quark DSE
with S −1 (p) RL the quark DSE in the RL truncation previously described. In Eqs. (17) and (18) the pion propagator is taken as
The factor 3/2 in Eq. (18) stems from the flavour traces and so should the factor C in (17) be obtained. However, only if one imposes a value C = −3/2, in order to match the global factors of the quark DSE, is the Ax-WTI preserved. Unfortunately, such a choice for C, when done in the quark-photon vertex BSE for which flavour traces would lead to C = +3/2 instead, violates the V-WTI. Since it is the latter that we are most interested in preserving in the present investigation (since it relates to charge conservation in electromagnetic processes), we adhere herein to the interpretation of C as a flavour factor, at the expense of violating the Ax-WTI. We find this acceptable since the goal of the present investigation is a qualitative understanding of the analytic structure of the vertex and the changes thereof induced by the kernels below.
The s-and u-channel pion exchange
The s-and u-channels (resp. third and fourth terms in Fig. 2 ) were also introduced in [39] , as they are of the same order as the t-channel contribution above in a resummed N c -expansion of the effective action. Their effect on BSE calculations was, however, not considered in subsequent calculations. This was recently studied in [48] , where it was shown that adding those terms to the BSE kernel enables virtual decay channels in the rho-meson channel and, thus, obtaining for the first time a bound-state with a non-vanishing width as a solution of a BSE calculation.
We used here a slightly different definition of the kernels in the s-and u-channels in order to be consistent with the construction for the t-channel, where one of the pion kernels is kept bare and the kernel is then symmetrised. They thus read
where now r is an additional integration momentum in the BSE (cf. Eqs.(1) or (7)). These kernels, when considered as stemming from a resummed effective action, do not lead to additional contributions in the quark DSE (see [39] ). Note also that they do not contribute to the Ax-WTI, as can be easily checked with symmetry considerations. On the other hand, from flavour traces we obtain C = +3/2 for these kernels as well, which suffices to preserve the V-WTI.
Branch-cut structure
The inclusion of the two kernels given in equations (19) and (20) poses an additional challenge in BSE calculations. The reason is their non-trivial analytic structure, induced by the intermediate pions going potentially onshell as well as by singularities in the quark propagators. For example, the kernel features now branch cuts, generated by the pion propagators upon r-integration. The position of those cuts can be determined by studying the zeroes of the denominators
where we assumed a standard expression of r in hyperspherical coordinates
with r 2 ∈ [0, ∞), y r , z r ∈ [−1, 1] are cosines of angles and φ r ∈ [0, 2π). A branch cut in the complex r 2 -plane appears upon integration of the z r coordinate, as can be seen in Fig. 3 for different values of the total momentum the BSE (eg. Q in Eq. (1)). For Q 2 > −4m 2 π the cut is entirely in the negative-r 2 half-plane and, thus, does not interfere with the r 2 -integration. Below the two-pion production threshold (i.e. Q 2 ≤ −4m 2 π ), however, the cut moves into the positive-r 2 half-plane, obstructing the r 2 -integration.
-- Fig. 3 . Branch cuts that appear in the s-and u-channel pion kernels after angular integration. The solid line corresponds to the branch cuts due to the two pion propagators. For purely real Q 2 at the two-pion production threshold −4m 2 π and below (left), the branch cut is closed and overlaps the real and positive r 2 half-axis. We add a positive (middle) or negative (right) imaginary part to Q 2 to get an opening in the cuts. The long-dashed line shows a possible r 2 integration path. In order to be able to perform the r 2 -integration in this case, one must deform the integration path [41] [42] [43] [44] , as sketched in Fig. 3 (for details see Appendix A). This is only possible, however, if the branch cut is open which only happens if Q 2 has an imaginary part that is interpreted, in the context of homogeneous BSEs, as the decay width of the state (see Eq. (6)). When solving the inhomogeneous BSE for the quark-photon vertex, the choice of the imaginary part of Q 2 selects different Riemann sheets in the Q 2 plane, as we will see below. Note also that in both truncations of the quark DSE used herein, the quark propagator features pairs of complex conjugate poles in the left complex half-plane. These induce additional branch cuts as depicted in Fig. 4 . Those cuts limit the maximum value of abs(−Q 2 ) that we can access in our calculations.
Results
We show here the results for the quark-photon vertex using the three different truncations of the BSE kernel discussed so far, starting with the RL truncation and then adding the t-channel pion exchange and finally the s-and u-channel terms. The parameters of the effective interaction (13) are fixed to be η = 1.44 and Λ = 0.74, which leads to a pion mass m π = 138 MeV and a pion decay constant f π = 129 MeV as a solution of the homogeneous BSE with a kernel consisting of a RL term and a t-channel pion exchange kernel (since the s-and u-channel terms do not contribute to the pion BSE) and for a quark mass m q = 6.3 MeV at a renormalisation scale µ = 19 GeV. Incidentally, these parameters give a rho mass m ρ = 736.5 MeV and a decay constant f ρ = 214 MeV for the same truncation of the BSE kernel.
In what follows we show the dressing functions corresponding to an expansion of the full quark-photon vertex in a tensorial basis. It is advantageous to distinguish the purely transverse (with respect to the total momentum Q) from the rest, since only in the former will vector-meson bound-state poles appear due to the Proca condition (see discussion below)
where λ i are scalar dressing functions that depend on momentum scalars p 2 , Q 2 andp ·Q and Γ µ T is the purely transverse (Q µ Γ µ T = 0) part of the vertex, which can in turn be expanded in an eight-dimensional covariant basis Γ µ T = h i τ i , with h i scalar dressing functions. For illustration purposes we use the basis [11] (see Appendix B)
where t As a consequence of the V-WTI, the non-transverse dressing functions are uniquely given by the quark propagator dressing functions via the Ball-Chiu construction [7] . Comparing our numerical solutions for λ i with the BallChiu vertex we have a consistency check that our truncation indeed preserves the V-WTI.
Finally, to simplify the calculations whilst still keeping the physical features we wish to elucidate, namely the effect of intermediate on-shell particles in the BSE kernel, for the pion vertices appearing in the kernels we have only considered the leading γ 5 component of Eq. (16).
Timelike photon momentum
We begin by studying the quark-photon vertex in the timelike domain. More precisely, we calculate it in a region of the complex Q 2 -plane with Re Q 2 < 0. As discussed in Sec. 2.5, the accessible region is limited by the position of the first pair of complex-conjugate poles of the quark propagator.
In this region, the vertex is sensitive to the quarkantiquark bound states with the quantum numbers of the photon J P C = 1 −− , which include the rho meson and its excitations. This is manifested by the appearance of poles of the vertex dressing functions for the values of Q 2 for which the homogeneous BSE has solutions. In general, those solutions should be resonances and the pole occurs for complex values of Q 2 corresponding to the pole mass Q 2 = −M 2 + iM Γ , with M and Γ the Breit-Wigner mass and width of the resonance, respectively. That is, the analytic structure of the quark-photon vertex should feature isolated poles. Additionally, the possible decay modes in a given Green's function manifest themselves as the typical multiparticle branch cut, starting at the particle production threshold.
The general features discussed above may or may not be present in the actual analytic structure of the solutions of a truncated BSE, depending on whether the BSE interaction kernel K allows any decay mechanisms for the bound state (and thus there is at least the possibility of the BSE describing a bound state as a decaying resonance).
In Fig. 5 we show the dressing functions corresponding to the longitudinal (non-transverse) and transverse components of the quark-photon vertex (cf. Eqs. (23) and (23)) for a RL kernel as well as with the effects of a pion exchange (t-channel) included. Neither of those truncations of the BSE kernel allows a quark-antiquark bound state to decay, in the sense that the kernel does not contain any intermediate particles that may, potentially, go on-shell. This implies that the homogeneous BSE has bound-state solutions for real and negative values of the total momentum squared P 2 and, correspondingly, the dressing functions of the quark-photon vertex have bound-state poles for real and negative values of Q 2 only. This is clearly seen in Fig. 5 . As indicated above, the bound states in the 1 −− channel are the vector mesons which, due to the Proca condition, overlap only with the transverse components of the quark-photon vertex. Their dressings, therefore, feature poles for Q 2 = −M 2 ρ , with M ρ the mass of the rho meson in the corresponding truncated homogeneous BSE. The dressings of the non-transverse components are, accordingly, regular for those Q 2 values. In fact, as discussed above, if the truncation of the DSE/BSE system preserves the vector WTI, then the nontransverse part of the quark-photon vertex is given by the Ball-Chiu vertex and, thus, can only feature the nonanalyticities of the quark propagator.
We turn now to the discussion of the effect of the last diagrams (s-and u-channel) in Fig. 2 on the analytic structure of the quark-photon vertex. In this case, the two intermediate pions go on-shell when Q 2 = −4m 2 π and thus represent, in particular, the ρ → ππ decay channel. From the general discussion above, the dressings of the transverse components should feature a branch cut starting at the real and negative branch point Q 2 = −4m 2 π . This is seen in Figs. 6 and 7 as a discontinuity in the imaginary part of the dressing functions. Though not visible in the plots, the branch cut indeed opens at the expected value of Q 2 = −4m 2 π since, starting at this point and as discussed in Sec. 2.5 and appendix A, it is necessary to deform the BSE integration contour in order to avoid the non-analyticities of the BSE kernel induced by the presence of on-shell pions.
As shown in [48] , the full BSE kernel studied herein is capable of partially describing the resonance character of the rho meson as a solution of the homogeneous BSE. In the present context, this simply means that the rho-meson bound-state pole of the transverse dressings of the quark-photon vertex, appearing for real Q 2 values in Fig. 5 , moves to the second Riemann sheet of the Riemann surface that is now the domain of the dressing functions. Unfortunately, with our choice of η and Λ parameters of the effective interaction (13) , this pole is beyond the region we can access numerically. Its presence, however, can be inferred from the rise of the real part of the transverse dressing functions, see Figs. 6 and 7.
In Fig. 8 we show our results for the non-transverse dressing functions. Since we adjusted the BSE kernel such that it preserves the vector WTI, the non-transverse part of the kernel is also given in this case by the Ball-Chiu ver- (23) and (24) tex. Therefore, the corresponding dressing functions show a featureless behaviour in the complex Q 2 region studied in this work. We wish to stress again, that for all kernels discussed we have solved the equations for the twelve dressing functions describing the quark-photon vertex and we have only compared them with the Ball-Chiu expression as a check of our numerical calculations.
Finally, let us mention that the irregular behaviour of some dressing functions (e.g. h 1 in Fig. 6 ) in the vicinity of Q 2 = 0 is simply a numerical artefact stemming from the rotation of the basis we use for the calculation (see Appendix B) onto the basis (24) used in the figures.
Spacelike photon momentum
For the calculation of spacelike hadron form factors (see, e.g. [17] ), the quark-photon vertex is needed in the region Q 2 > 0. For this momentum region, first lattice QCD results have been published [12] and compared with the results of a RL-truncated BSE calculation [11, 45] . It is remarkable that the RL truncation shows already qualitative agreement with lattice QCD, a fact which certainly lies behind the success of spacelike form factor calculations in the BSE approach. Quantitatively, lattice QCD results show a weaker enhancement of the dressing functions at low Q 2 , as compared to the RL results of [11, 45] .
In Fig. 9 we show our results for the transverse and non-transverse dressing functions for the RL truncation of the BSE kernel (solid lines), with the addition of a t-channel pion exchange (dashed lines) and for the full kernel which includes s-and u-channel pion terms as well. First of all, note that the difference between the RL results herein and those presented in [11, 45] is solely due to the different choice of the parameters η and Λ for the effective interaction (13) . Interestingly, our choice of parameters decreases the enhancement of some of the dressings for low photon momentum, as lattice QCD results indicate.
Upon inclusion of a pion-exchange in the t-channel, the dressings are slightly modified but none of them shows any qualitative change. More interesting is the situation when s-and u-channel pionic contributions are considered. We have seen in the previous subsection that the analytic structure of the quark-gluon vertex changes dramatically when these terms are included in the BSE kernel, from having poles on the negative real axis to featuring at least a multiparticle branch cut plus additional resonance poles in the complex plane. However, this barely reflects on the spacelike side, where the difference between dashed (t-channel) and dotted (s-and u-channel) curves is negligible. This is again encouraging and in line with our comment above about the suitability of the RL truncation for the calculation of hadron form factors; the qualitative features of the quark-photon vertex on the spacelike region appear to be rather insensitive to improvements on the RL kernel and, in particular, to qualitative changes in the timelike side.
Summary
In this work we have studied the non-perturbative structure of the quark-photon interaction vertex in the spacelike photon momentum region Q 2 > 0 and in a region of the complex Q 2 -plane with Re(Q 2 ) < 0, for three different truncations of the inhomogeneous BSE that describes it. To the simple RL truncation we have added quark-pion interactions both as a t-channel pion exchange among quark and antiquark as well as s-and u-channel pion-emission channels. By using explicit pionic degress of freedom in addition to quarks and gluons, we aim at partially de- scribing unquenching effects on the quark DSE and the BSE kernel such as, of particular interest for the present study, the inclusion of decay channels in BSE calculations (these, without using pion degrees of freedom would be generated by the creation of a quark-antiquark pair inside the kernel, which could form on-shell bound states with the valence quarks). We have also discussed that the pionic kernels used herein are not entirely satisfactory since, in particular, they cannot be made preserve all the relevant global symmetries of QCD. However, they suffice to study the physical mechanism of interest for our investigation, namely the effect on the quark-photon vertex of intermediate on-shell particles in a BSE kernel.
We have seen how the effect of those intermediate particles is to drastically change the analytic structure of the quark-photon vertex. Whilst for the RL truncation, as well as with the inclusion of a t-channel pion exchange, the vertex only has poles for real and negative values of the photon momentum Q 2 , upon inclusion of s-and uchannel pion kernels a multiparticle branch cut starting at Q 2 = −4m 2 π appears and the poles move away of the real axis into the complex plane. This is a reflection of the fact that for RL kernels (or similar) bound-state solutions of the homogeneous BSE are stable and hence they correspond to poles of suitable Green's functions for real and negative total momentum squared, whilst if a decay channel is available in the BSE kernel then the pole occurs for total momenta with an imaginary part, which corresponds to the decay width of the state. Our results for the analytic structure of the vertex are certainly closer to the expected physical picture and, hence, constitute a step forward towards the calculation of timelike hadron form factors in the BSE formalism.
On the spacelike Q 2 region this new analytic structure does not have any significant impact on the quark-photon vertex. This is reassuring in the sense that, even though an RL kernel does not generate the correct physical picture necessary for timelike form factor calculations, on the spacelike side this is not relevant and one can thus rely on the previous calculations of spacelike form factors using the RL truncation.
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A Deformation of the integration path
To solve the inhomogeneous BSE when we include the sand u-channel kernels in Eqs. (19) and (20) we need to perform an additional integration over the r-variable. For example, for a homogeneous BSE we must solve Fig. 9 . Dressing functions for the non-transverse (λi) and transverse (hi) components (see Eqs. (23) and (24)) of the quarkphoton vertex in the spacelike Q 2 > 0 region for the RL truncation (solid lines), with the addition of a t-channel pion exchange (dashed lines) and for the full kernel in Fig. 2 (dotted lines). with the momenta parametrised (in the rest frame of the bound state) as
r cos φ r , 1 − z 2 r y r , z r ) . (26) As discussed in Sec. 2.5, after integrating over z r , branch cuts originating from the pion and quark propagators are generated. A closed branch cut stemming from the pion propagators will overlap the positive-r 2 real axis when the total momentum Q 2 is real and negative and below the two-pion production threshold Q 2 < −4m 2 π . To be able to perform the integration we must include an imaginary part to Q 2 ; in this way the cut opens and a deformation of the r 2 integration path can be performed to solve the BSE.
We studied different parametrisations of the r 2 integration contour that avoid the branch cuts. For the results showed in this paper we used an integration path for r 2 formed by the union of two parametric segments
a 2π] and Q 2 real is the real part of Q 2 = −M 2 + iΓ M . We choose this paremetrisation for the real and imaginary parts of Q 2 since, when solving a homogeneous BSE, they would represent the mass M and width Γ of a solution with total momentum Q; for the calculation of the vertex herein, they should just be interpreted as the real and imaginary parts of the photon momentum. The contour parameter a has to be adjusted for different values of the real and imaginary parts of Q 2 in order to avoid the different branch cuts. The values of a for some representative choices of M and Γ are given in Table 1 . Note that in some cases with small width no contour deformation is needed since there is not overlap of the cuts with the real axis. Table 1 . Different values for the parameter a in Eqs. (28) . In some cases no contour deformation is needed, these cases are represented by * .
basis (29) onto (23) and (24) we used the projectors
We have
with B i ≡ {γ µ , 2p µ / p, −2ip µ , i[γ µ , / p], τ 1...8 } and τ i defined in (24) .
C Poles of the quark propagator
In the truncations of the quark DSE used in this paper, the quark propagator features pairs of complex conjugate poles in the complex plane (see, e.g. [49] ). In order to define an integration contour as in Appendix. A that avoids also the cuts generated by those poles, it is useful to parametrise the quark propagator S(p) = −i / pσ v (p 2 ) + σ s (p 2 ) simply as a sum of poles (see e.g. [50] )
where the parameters m i , α i , β i can be obtained by fitting the corresponding quark DSE solution along the p 2 real axis or, alternatively, on a parabola in the complex plane that does not enclose the poles. Our fitted values for the pole positions m i are given in Table 2 where for the fits we used two pairs of complex conjugate poles. Note, however, that we only used this ansatz for the quark propagator in order to find the parameter a in the deformed contour (28) and to determine the cuts in Fig. 4 . For the calculation of the quark-photon vertex we used a numerical solution of the quark DSE.
